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RECOGNIZING AND TESTING ISOMORPHISM OF
CAYLEY GRAPHS OVER AN ABELIAN GROUP OF
ORDER 4p IN POLYNOMIAL TIME
ROMAN NEDELA AND ILIA PONOMARENKO
Abstract. We construct a polynomial-time algorithm that given
a graph X with 4p vertices (p is prime), finds (if any) a Cayley
representation of X over the group C2 × C2 × Cp. This result,
together with the known similar result for circulant graphs, shows
that recognising and testing isomorphism of Cayley graphs over an
abelian group of order 4p can be done in polynomial time.
1. Introduction
Under a Cayley representation of a graph X over a group G, we
mean a graph isomorphism from X to a Cayley graph over G. Two
such representations are equivalent if the images are Cayley isomorphic,
i.e., there is a group automorphism of G which is a graph isomorphism
between the images. In the present paper, we consider a special case of
the following computational problem (below all the groups and graphs
are assumed to be finite).
Problem CRG. Given a group G and a graph X, find a full set of
non-equivalent Cayley representations of X over G.
Here we assume that the group G is given explicitly by the multi-
plication table, and the graph X is given by a binary relation. The
output of an algorithm solving the problem is represented by a set of
bijections f from the vertex set of X onto G such that (Gright)
f−1 is
a regular subgroup of the group Aut(X), where Gright ≤ Sym(G) is
the group induced by right multiplication of G. Using the Babai ar-
gument in [1], one can establish a one-to-one correspondence between
the regular subgroups of Aut(X) and Cayley representations of X .
In general, the Problem CRG seems to be very hard. Even the ques-
tion whether the output is empty or not, leads to the Cayley recognition
problem asking whether a given graph is isomorphic to a Cayley graph
over the group G. Not too much is known about the computational
complexity of this problem. There are two other related problems.
Problem CGCI. Given a group G, test whether two Cayley graphs
over G are Cayley isomorphic.
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Problem CGI. Given a group G, a Cayley graph over G, and an
arbitrary graph, test whether these two graphs are isomorphic.
Note that the subproblem of the Problem CGI, in which both input
graphs are Cayley graphs over G, is equivalent to the Problem CGCI
whenever G is a CI-group (this fact can be considered as the definition
of the CI-group.)
Suppose we are restricted to a family of Cayley graphs for which the
Problem CGCI can be solved efficiently; for instance, one can take G
to be a group generated by a set of at most constant size. Then one can
see that the Problem CGI is polynomial-time reducible to the Problem
CRG. In general case, the reduction can be done in polynomial time in
the order of the group Aut(G).
In [4], a polynomial-time algorithm for the Problem CRG was con-
structed for the case where G is a cyclic group. Up to now, this is
the only published result solving the Problem CRG for an infinite class
of groups. It is quite natural to look for an extension of that result
to other classes of abelian groups. The main result of the present pa-
per (Theorem 1.1) does it for abelian groups of order 4p, where p is a
prime. In view of the above discussion, the Problems CRG and CGI
are equivalent in this case.
Now we are ready to present the main results of the paper.
Theorem 1.1. For an abelian group G of order n = 4p with prime p,
the Problems CRG and CGI can be solved in time poly(n).
There are exactly two non-isomorphic abelian groups of order 4p: the
cyclic group C4p and the group E4×Cp, where E4 = C2×C2 is the Klein
group. In the former case, Theorem 1.1 follows from [4]. In the latter
case, G is a CI-group [11, Theorem 1.2] and hence every graph has
at most one Cayley representation over G (up to equivalence). Thus
Theorem 1.1 is an immediate consequence of the following theorem.
Theorem 1.2. Given a graph X with n = 4p vertices (p is a prime),
one can test in time poly(n) whether X is isomorphic to a Cayley graph
over the group G = E4 × Cp and (if so) find a Cayley representation
of X over G within the same time.
Let us outline the proof of Theorem 1.2. At the first step, we use the
Weisfeiler-Leman algorithm to construct the coherent configuration X
associated with the graph X (for the exact definitions, see Section 2).
Then
K := Aut(X ) = Aut(X).
Therefore X is a Cayley graph over G if and only if X is a Cayley
scheme over G. This reduces our problem to finding the set Reg(K,G)
consisting of all semiregular groups H ≤ K isomorphic to G, where the
group K is not “in hand”.
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At this point, we use the classification of Schur rings (and hence
Cayley schemes) over the group G obtained in [9]1. This enables us to
find in time poly(n) a larger coherent configuration X ′ such that
(a) Reg(K,Cp) = Reg(K
′, Cp), where K
′ = Aut(X ′),
(b) |K ′| = poly(n) or K ′ ∼= Sym(p′)m, where p′m = n and m ≤ 4.
Now, if the group K ′ has small order, then in view of statement (a),
one can easily find the set Reg(K,Cp) by brute force; this is a part
of the Main Subroutine described in Section 7. In the remaining case,
statement (b) implies that X ′ is a coherent configuration of a special
type studied in Section 3. This fact is used in the Main Subroutine for
computing the set Reg(K,Cp). At the final step, we only need to test
whether there exists a group belonging to Reg(K,Cp), which can be
extended to a regular subgroup of K. This is done in Section 8.
2. Coherent configurations
In this section, we collect some notation and then compile basic
definitions and facts concerning coherent configurations. In our pre-
sentation, we follow [6].
2.1. Notation. Throughout the paper, Ω denotes a finite set of cardi-
nality n ≥ 1. The diagonal of the Cartesian product Ω× Ω is denoted
by 1Ω. For a set T ⊆ 2
Ω, we denote by T∪ the set of all unions of the
elements of T . For a set S ⊆ 2Ω×Ω, we set S∗ = {s∗ : s ∈ S},
where s∗ = {(β, α) : (α, β) ∈ s}. For a point α ∈ Ω, we set
αS = ∪s∈Sαs, where αs = {β ∈ Ω : (α, β) ∈ s}. For r, s ⊆ Ω× Ω we
set r · s = {(α, γ) : (α, β) ∈ r, (β, γ) ∈ s for some β ∈ Ω}.
For an equivalence relation E on Ω, we denote by Ω/E the set of the
classes of E. If, in addition, r ⊆ Ω× Ω, then we set
rΩ/E = {(Λ,∆) ∈ Ω/E × Ω/E : rΛ,∆ 6= ∅}
where rΛ,∆ = r ∩ (Λ×∆). We also put rΛ = rΛ,Λ.
The group of all permutations of Ω is denoted by Sym(Ω). Given a
group K ≤ Sym(Ω) and a K-invariant set ∆ ⊆ Ω, the restrictions k∆
of k ∈ K to ∆ form a subgroup of Sym(∆) denoted by K∆.
A bijection f : Ω→ Ω′, α 7→ αf , naturally defines a bijection r 7→ rf
from the relations on Ω onto the relations on Ω′ and a group isomor-
phism g 7→ gf from Sym(Ω) onto Sym(Ω′). For an equivalence relation
E on Ω the bijection f induces a bijection fΩ/E : Ω/E → Ω
′/E ′ where
E ′ = Ef .
1Independently, such a classification have recently be obtained in [12].
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2.2. Main definitions. Let S be a partition of the set Ω×Ω. A pair
X = (Ω, S) is called a coherent configuration on Ω if 1Ω ∈ S
∪, S∗ = S,
and given r, s, t ∈ S, the number
ctrs = |αr ∩ βs
∗|
does not depend on the choice of (α, β) ∈ t. The elements of Ω, S,
S∪, and the numbers ctrs are called the points, the basis relations, the
relations, and the intersection numbers ofX , respectively. The numbers
|Ω| and |S| are called the degree and the rank of X .
The coherent configuration X is said to be trivial if the set S consists
of the reflexive relation 1Ω and (if n > 1) the complement of it in Ω×Ω,
and is called complete if every element of S is a singleton. Observe that
the rank of X is at most two in the former case, and equals n2 in the
latter case.
The set of all equivalence relations E ∈ S∪ is denoted by E = E(X ).
The coherent configuration is said to be primitive if the only elements
of E are the trivial equivalence relations 1Ω and Ω× Ω.
2.3. Fibers. Denote by Φ = Φ(X ) the set of all ∆ ⊆ Ω such that
1∆ ∈ S. Then the set Ω is the disjoint union of the elements of Φ
called the fibers of X . Moreover, for each r ∈ S there exist uniquely
determined fibers ∆ and Λ such that r ⊆ ∆×Λ. Thus the set S is the
disjoint union of the sets
S∆,Λ = {s ∈ S : s ⊆ ∆× Λ}.
Note that 1∆ ∈ rr
∗ and hence the number
nr := |αr| = c
1∆
rr∗
does not depend on α ∈ ∆. It is called the valency of r. For any
T ∈ S∪, we set nT to be the sum of all valences nt, where t runs over
the basis relations of X that are contained in T .
A coherent configuration X is said to be homogeneous if 1Ω ∈ S. In
this case, nr = nr∗ for all r ∈ S. Observe that a primitive coherent
configuration is always homogeneous. A homogeneous coherent config-
uration which is not primitive is said to be imprimitive. One can see
that every commutative coherent configuration, i.e., one with ctrs = c
t
sr
for all r, s, t, is homogeneous.
2.4. Restrictions and quotients. Let E ∈ E be an equivalence re-
lation. For any its class ∆, denote by S∆ the set of all nonempty
relations s∆ = s ∩∆
2 with s ∈ S. Then the pair
X∆ = (∆, S∆)
is a coherent configuration called the restriction of X to the set ∆. In
the special case where E is the union of Λ×Λ, Λ ∈ Φ, and ∆ ∈ Φ, the
restriction X∆ is called the homogeneous component of X .
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Let X be a homogeneous coherent configuration. Denote by SΩ/E
the set of all nonempty relations sΩ/E , s ∈ S. Then the pair
XΩ/E = (Ω/E, SΩ/E)
is a coherent configuration called the quotient of X modulo E. Let
F ∈ E be an equivalence relation contained in E. For a class ∆ ∈ Ω/E,
the equivalence relation F∆ = F ∩∆
2 on ∆ obviously belongs to the set
E(X∆). On the other hand, the set ∆/F∆ is a class of the equivalence
relation EΩ/F being the union of basis relation of the quotient XΩ/F .
We have the following commuting rule:
(1) (X∆)∆/F∆ = (XΩ/F )∆/F∆ .
The coherent configuration defined in (1) is denoted X∆/F .
2.5. Isomorphisms. Two coherent configurations are called isomor-
phic if there exists a bijection between their point sets that induces a
bijection between their sets of basis relations. Each such bijection is
called an isomorphism between these two configurations. The group
of all isomorphisms of a coherent configuration X to itself contains a
normal subgroup
Aut(X ) = {f ∈ Sym(Ω) : sf = s, s ∈ S}
called the automorphism group of X , where sf is the set of all pairs
(αf , βf) with (α, β) ∈ s. Thus by definition, Aut(X ) is the intersection
of the automorphism groups of the basis relations of X . It is easily
seen that if ∆ ∈ Φ∪ and E ∈ E , then
Aut(X )∆ ≤ Aut(X∆) and Aut(X )
Ω/E ≤ Aut(XΩ/E),
where Aut(X )∆ and Aut(X )Ω/E are the permutations groups induced
by the actions of the setwise stabilizer of ∆ in Aut(X ) and of the group
Aut(X ) on the sets ∆ and Ω/E, respectively.
2.6. Direct sum. Let X1 = (Ω1, S1) and X2 = (Ω2, S2) be coherent
configurations. Denote by Ω1 ⊔ Ω2 the disjoint union of the sets Ω1
and Ω2. Further, denote by S1⊞S2 the disjoint union of the set S1⊔S2
and the set of all Cartesian products ∆ × Λ, where ∆ ∈ Φ(Xi) and
Λ ∈ Φ(X3−i), i = 1, 2. Then the pair
X1 ⊞ X2 = (Ω1 ⊔ Ω2, S1 ⊞ S2)
is a coherent configuration called the direct sum of X1 and X2. It is
easily seen that
(2) Aut(X1 ⊞ X2) = Aut(X1)× Aut(X2),
where the direct product on the rihgt-hand side acts on the set Ω1⊔Ω2.
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2.7. Tensor product. Let X1 = (Ω1, S1) and X2 = (Ω2, S2) be coher-
ent configurations. Set S1 ⊗ S2 = {s1 ⊗ s2 : s1 ∈ S1, s2 ∈ S2}, where
s1⊗s2 is the relation on Ω1×Ω2 consisting of all pairs ((α1, α2), (β1, β2))
with (α1, β1) ∈ s1 and (α2, β2) ∈ s2. Then the pair
X1 ⊗ X2 = (Ω1 × Ω2, S1 ⊗ S2)
is a coherent configuration called the tensor product of X1 and X2. It
is easily seen that
Aut(X1 ⊗X2) = Aut(X1)×Aut(X2),
where the direct product on the rihgt-hand side acts on the set Ω1×Ω2.
Let X be a commutative coherent configuration. We say that an
equivalence relation E ∈ E has a complement with respect to tensor
product if there exists an equivalence relation F ∈ E such that
(3) E ∩ F = 1Ω and E · F = Ω× Ω,
and X is isomorphic to XΩ/E ⊗ XΩ/F . It should be noted that for
a fixed equivalence relations E and F satisfying conditions (3), the
isomorphism X → XΩ/E⊗XΩ/F exists if and only if |Ω/E| · |Ω/F | = n
2,
see [4, Theorem 2.2].
2.8. Generalized wreath product. Let X be a homogeneous coher-
ent configuration, and let E and F be equivalence relations belonging
to the set E . We say that X is the F/E-wreath product if E ⊆ F and
for each r ∈ S,
r ∩ F = ∅ ⇒ r =
⋃
(∆,Λ)∈rΩ/E
∆× Λ.
When the equivalence relations are not relevant, we also say that X is
a generalized wreath product. It is said to be trivial if E = 1Ω or F =
Ω×Ω. The standard wreath product is obtained as a special case of the
generalized wreath product with F = E (see also [16, p.45]). Finally,
we say that an equivalence relation E ∈ E has a complement with
respect to (generalized) wreath product if there exists an equivalence
relation F ∈ E such that X is the F/E-wreath product.
2.9. Algorithms. From the algorithmic point of view, a coherent con-
figuration X on n points is given by the set S of its basis relations. In
this representation, one can check in time poly(n) whether X is homo-
geneous, commutative, etc. Moreover, within the same time one can
list the fibers of X and construct the restriction X∆ for any ∆ ∈ Φ
∪,
and can also find a nontrivial equivalence relation E ∈ S∪ (if it exists)
and construct the quotient of X modulo E.
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3. Quasitrivial coherent configurations.
Let X = (Ω, S) be a coherent configuration. It is said to be qua-
sitrivial if
Aut(X )∆ = Sym(∆) for all ∆ ∈ Φ,
where Φ = Φ(X ). In particular, the restriction XΛ with Λ ∈ Φ
∪ of a
quasitrivial configuration is quasitrivial as well. Thus, every homoge-
neous component of X is trivial and homogeneous quasitrivial coherent
configurations are exactly trivial ones.
Lemma 3.1. The coherent configuration X is quasitrivial if and only
if for any two its fibers ∆ and Λ, the set S∆,Λ is a singleton or contains
exactly two elements, one of which is a bijection f : ∆→ Λ.2
Proof. To prove the “if” part, we make use of [3, Lemma 9.4] implying
that if S∆,Λ contains a bijection f : ∆→ Λ, then the restriction map
Aut(X )→ Aut(XΩ\Λ)
is an isomorphism. Using the induction on |Φ|, one can reduce the
general case to the case where S∆,Λ is a singleton for all Λ ∈ Φ other
than ∆. But then it is easily seen that X = X∆⊞XΩ\∆. By formula (2),
this implies that
Aut(X )∆ = Aut(X∆) = Sym(∆),
where the last equality is true, because the coherent configuration X∆
is of rank |S∆,∆| ≤ 2.
To prove the “only if” part, we assume without loss of generality that
∆ and Λ are distinct non-singletons. Then the group K := Aut(X )∆∪Λ
is the subdirect product of the groups Sym(∆) and Sym(Λ), i.e.,
K = {(g, h) ∈ Sym(∆)× Sym(Λ) : ϕ(g) = ψ(h)}.
where ϕ : Sym(∆)→ M and ψ : Sym(Λ)→ M are epimorphisms to a
suitable group M . Each of the groups ker(ϕ) and ker(ψ) is a normal
subgroup of a 2-transitive group and hence is transitive or trivial. If
one of them is nontrivial, then S∆,Λ is obviously a singleton and we
are done. Now let ker(ϕ) = ker(ψ) = 1, i.e., ϕ and ψ are group
isomorphisms. Then M ∼= K and hence
Sym(∆) ∼= K ∼= Sym(Λ).
Consequently, |∆| = |Λ|. Denote the latter number by d. Note that by
the assumption, d ≥ 2. Therefore,
Kα ∼= Sym(d− 1) for all α ∈ ∆ ∪ Λ
and hence every non-singleton orbit of the group Kα ≤ Sym(∆ ∪ Λ) is
of cardinality at least d−1. Therefore, there exists a relation f ∈ S∆,Λ
such that nf = 1. In other words, f : ∆→ Λ is a bijection taking δ ∈ ∆
2This bijection is treated as the binary relation coinciding with the graph of f .
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to a unique point of the set δf . Finally in view of [16, Corollary 13,
p. 86], we have
|S∆,Λ| ≤
1
2
(|S∆,∆|+ |SΛ,Λ|) = 2
which completes the proof. 
Let the coherent configuration X be quasitrivial. We define a binary
relation ∼ on the set Φ by setting
(4) ∆ ∼ Λ ⇔ |S∆,Λ| = 2.
This relation is obviously reflexive and symmetric. Moreover, assume
that |SΛ,Γ| = 2 for some Γ ∈ Φ. Then by Lemma 3.1, the set SΛ,Γ
contains a bijection g : Λ→ Γ. It is easily seen that the superposition
fg : ∆ → Γ coincides with f · g and hence belongs to S∆,Γ. It follows
that ∆ ∼ Γ. Thus, ∼ is an equivalence relation.
Denote by Φ1, . . . ,Φm the classes of the equivalence relation ∼. For
each i = 1, . . . , m, set
∆i = ∆i1 ∪ · · · ∪∆imi
where ∆i1, . . . ,∆imi are the fibers belonging to the class Φi. Then
formula (4) immediately implies that
(5) X =
m
⊞
i=1
X∆i.
By formula (2), this enables us to find the automorphism group of a
quasitrivial coherent configuration. Let fij : ∆i1 → ∆ij be a bijection
belonging to the set S∆i1,∆ij (note that fij is uniquely determined unless
|∆i1| = 2).
Theorem 3.2. Let X be a quasitrivial coherent configuration. Then
in the above notation,
Aut(X ) ∼=
m∏
i=1
Sym(∆i1),
Moreover, g ∈ Aut(X ) if and only if for every i = 1, . . . , m there exists
gi ∈ Sym(∆i1) such that
(6) g∆ij =
{
gi, if j = 1,
f−1ij gifij if j > 1.
Proof. The second statement is an immediate consequence of the first
one, which follows from formulas (2) and (5). 
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4. Cayley schemes
4.1. General facts. Let G be a group. A coherent configuration X is
called a Cayley scheme over G if
Ω = G and Gright ≤ Aut(X ).
In this case, the coherent configuration X is homogeneous, and com-
mutative if the group G is abelian. We note that each basis relation
of X is the arc set of a Cayley graph on G. If the group G is cyclic,
then X is said to be a circulant scheme.
For every equivalence relation E ∈ E , denote by H = HE the class
of E containing the identity element of G. Then H is a subgroup of G
(isomorphic to the setwise stabilizer of H in Gright) and the classes of E
equal the right H-cosets of G. In particular,
nE = |H| and |Ω/E| = |G/H|.
In what follows, we set XG/H = XΩ/E . In the case where X is the
F/E-wreath product for some E, F ∈ E , we also say that X is the
U/L-wreath product, where U = HF and L = HE.
We set
S = S(X ) = {HE ≤ G : E ∈ E(X )}.
For a group H ∈ S, we denote by EH the equivalence relation F on G,
for which H = HF . Thus, EHE = E and HEH = H . The following
statement is a consequence of [8, Theorem 5.6].
Theorem 4.1. Let X be a Cayley scheme over an abelian group G.
Suppose that X is the U/L-wreath product for some U, L ∈ S such that
(7) Aut(XG/L)
U/L = Aut(XU)
U/L.
Then Aut(X )U = Aut(XU) and Aut(X )
G/L = Aut(XG/L).
Proof. Set ∆U = Aut(XU) and ∆0 = Aut(XG/L). Then according
to [8, Subsection 5.2], equality (7) enables us to define the canonical
generalized wreath product
K = ∆U ≀U/L ∆0.
Since Aut(X )U ≤ ∆U and Aut(X )
G/L ≤ ∆0, we conclude by [8, Corol-
lary 5.5] that Aut(X ) ≤ K. The reverse inclusion follows from [8,
Corollary 5.4]. Thus, Aut(X ) = K. This implies that
Aut(X )U = KU = ∆U = Aut(XU)
and similarly Aut(X )G/L = Aut(XG/L). 
A Cayley scheme X = (G, S) is said to be cyclotomic if there exists
a group K ≤ Aut(G) such that
S = Orb(GrightK,G×G).
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The cyclotomic scheme X is called proper (respectively, trivial) if K is a
proper subgroup (respectively, the identity subgroup) of the group Aut(G).
Note that for every cyclotomic scheme X , the set S(X ) contains all
characteristic subgroups of G.
4.2. Cayley schemes over E4×Cp. The following theorem was proved
in [9, Subsection 6.2] in the language of S-rings. Though the statement
of the theorem was not formulated explicitly there, a careful analyses
of the proof reveal cases (1) and (2) below, see [12] as well.
Theorem 4.2. Let X be a Cayley scheme over the group G = E4×Cp.
Then one of the following statements hold:
(1) X is trivial or cyclotomic,
(2) X is a nontrivial tensor or generalized wreath product.
Corollary 4.3. Let X be a Cayley scheme over the group G and H a
minimal subgroup in the set S = S(X ). Then the Cayley scheme XH
is trivial or isomorphic to a proper cyclotomic scheme over Cp.
Proof. Clearly, |H| is a divisor of 4p other than 1. Next, by the
minimality of H the scheme XH is primitive. If |H| = 4p, then XH = X
and S = {1, H}. This implies that the scheme X is neither cyclotomic
nor a nontrivial tensor or generalized wreath product. By Theorem 4.2,
we conclude that X and hence XH is trivial. Now let |H| = 4. Then
XH is a primitive scheme over E4 and hence is trivial. In the other
three cases, the group H is a cyclic group of order 2, p, or 2p. Thus,
the required statement follows from the Schur-Wielandt theory [14,
Corollary 3.2, Theorem 3.4]. 
In [10, p.423], the automorphism groups of S-rings over a cyclic group
Cpq with primes q 6= p, were completely classified. This classification
shows that for every Cayley scheme Y over the group M = C2p and for
every group N ≤ S(Y), we have
(8) Aut(Y)N = Aut(YN) and Aut(Y)
M/N = Aut(YM/N).
Note that relations in (8) obviously hold also ifM = E4, or ifM = Cp.
Lemma 4.4. Let X be a Cayley scheme over the group G = E4 × Cp.
Suppose that the groups U, L ∈ S are such that either X = XU ⊗ XL,
or X is the U/L-wreath product. Then given H ∈ S,
(9) Aut(X )H = Aut(XH) for all H ≤ L,
and
(10) Aut(X )G/H = Aut(XG/H) for all H ≥ U.
Proof. Let us prove formula (9); formula (10) can be proved in a
similar way. Assume first that X = XU ⊗ XL. Then by the first part
of formula (8) for Y = XL, M = L, and N = H , we have
Aut(X )H = (Aut(XU)⊗Aut(XL))
H = Aut(XL)
H = Aut(XH),
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as is required. Now let X be the U/L-wreath product. Then again by
the first part of (8) for Y = XG/L, M = G/L, and N = U/L we have
Aut(XG/L)
U/L = Aut((XG/L)U/L) = Aut(XU/L).
Similarly, by the second part of (8) for Y = XU , M = U , and N = L,
we have
Aut(XU)
U/L = Aut((XU)U/L) = Aut(XU/L).
The two above equalities show that the hypothesis of Theorem 4.1 is
satisfied and hence Aut(X )U = Aut(XU). Applying the first of rela-
tions (8) again for Y = XU , M = U , and N = H , we get
Aut(X )H = (Aut(X )U)H = (Aut(XU))
H = Aut(XH),
as is required. 
5. Extensions of coherent configurations and
WL-algorithm
5.1. Partial order. There is a natural partial order ≤ on the set of all
coherent configurations on the same set Ω. Namely, given two coherent
configurations X = (Ω, S) and X ′ = (Ω, S ′), we set
X ≤ X ′ ⇔ S∪ ⊆ (S ′)∪.
The minimal and maximal elements with respect to this order are,
respectively, the trivial and complete coherent configurations.
5.2. WL-algorithm. One of the most important properties of the par-
tial ordering of coherent configurations comes from the fact that given
a set T ⊆ 2Ω×Ω, there exists a unique minimal coherent configuration
X = (Ω, S), for which T ⊆ S∪ (in particular, the set of all coherent con-
figurations on the same set form a join-semilattice). This coherent con-
figuration is called the coherent closure of T and can be constructed by
the well-known Weisfeiler-Leman algorithm (WL-algorithm) [16, Sec-
tion B] in time polynomial in sizes of T and Ω. To stress this fact the
coherent closure of T is denoted by WL(T ).
The extension of a coherent configuration X with respect to the
set T is defined to be the coherent closure of S ∪ T and is denoted
by WL(X , T ). The following statement is a straightforward conse-
quence of [16, Theorem 8.2].
Theorem 5.1. Let X = (Ω, S) be a coherent configuration, T ⊆ 2Ω×Ω,
and Y = WL(X , T ). Then
Aut(Y) = {f ∈ Aut(X ) : sf = s for all s ∈ T}.
From Theorem 5.1, it follows that if X is a graph with vertex set Ω
and arc set R, then Aut(X) equals the automorphism group of the
coherent closure WL({R}).
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5.3. Examples of extensions. For a coherent configuration X and
an equivalence relation E ∈ E , we denote by XE the extension of X
with respect to the set
T = {1∆ : ∆ ∈ Ω/E}.
From Theorem 5.1, it follows that Aut(XE) consists of the automor-
phisms of X leaving each class of E fixed. On the other hand, each
automorphism of X permute the classes of E. Thus, Aut(XE) equals
the kernel of the natural epimorphism from Aut(X ) to Aut(X )Ω/E .
In the above notation, let c ∈ Sym(Ω/E). Denote by Xc the exten-
sion of X with respect to the singleton {s}, where
(11) s = s(E, c) =
⋃
∆∈Ω/E
∆×∆c
(note that if E = 1Ω, then the relation s coincides with the graph of
the permutation c). Now by Theorem 5.1, the group Aut(Xc) consists
of all f ∈ Aut(X ) such that fΩ/E commute with c.
5.4. Extension of Cayley schemes. Let X be a Cayley scheme over
the group G. Fix a group H ∈ S and consider the coherent config-
uration Y = XE , where E = EH . Then the set Φ = Φ(Y) consists
of the orbits of H acting on G by right multiplications. Besides, the
equivalence relation E is invariant with respect to the group Gright.
Therefore, this group acts as an isomorphism group of the coherent
configuration Y . This enables us to define the coherent configuration
(12) YG = (G, {sG : s ∈ SY}),
where SY is the set of basis relations of Y and s
G is the union of the
relations sg, g ∈ Gright. Obviously,
Y ≥ YG ≥ X .
To find the group Aut(YG), we note that if ρ : Gright → Sym(Φ) is the
induced homomorphism, then
im(ρ) = (G/H)right and ker(ρ) ≤ Aut(Y).
In this situation, we can apply a result in [3, Theorem 2.2] saying that
(13) Aut(YG) = GAut(Y).
Lemma 5.2. In the above notation, suppose that the group G is abelian.
Then Z = YG is a Cayley scheme over G. Moreover,
(1) Aut(Y)H = Aut(Z)H and YH = ZH ,
(2) ZG/H is the trivial cyclotomic scheme over G/H.
Proof. The fact that Z is a Cayley scheme over G immediately fol-
lows from formula (13). This also implies statement (2), because the
coherent configuration YΩ/E is complete. The aforementioned formula
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shows that the setwise stabilizer of the set H in the group Aut(Z) co-
incides with Aut(Y). This proves the first equality of statement (1).
The second one follows from statement (2) and [7, Theorem 2.1]. 
6. Structure of Cayley schemes over E4 × Cp
6.1. Principal equivalence relation. In this section we are inter-
ested in the equivalence relations E belonging to set E = E(X ), where
X = (Ω, S) is a homogeneous coherent configuration on n = 4p points.
The homogeneity of X implies that the valency nE of E divides n. In
what follows, we assume that p ≥ 5 is a prime.
Definition 6.1. We say that E ∈ E is a principal equivalence relation
of X if one of the following statements hold:
(E1) nE ≥ p and E is minimal (with respect to inclusion),
(E2) nE ≤ 4 and E has a complement with respect to tensor or gen-
eralized wreath product.
In case (E2), it is assumed that E contains no E satisfying (E1).
It follows from Definition 6.1 that every principal equivalence re-
lation of the coherent configuration X equals the equivalence closure
of the union of at most two basis relations of X . Since |S| ≤ n, we
immediately obtain the following statement.
Lemma 6.2. Given a homogeneous coherent configuration X of degree
n = 4p, one can test in time poly(n) whether there exists a principal
equivalence relation of X , and (if so) find it within the same time.
Clearly, for the trivial scheme of degree n, the equivalence relation
Ω×Ω is principal. Let now X be a Cayley scheme over a group G (of
order n), and let E be a principal equivalence relation of X . If X is a
cyclotomic scheme, then the Sylow p-subgroup P of G is characteristic
in G, and hence P ∈ S. Since also |P | = p, the equivalence relation EP
satisfies the condition (E1) and hence is a unique principal equivalence
of X .
Lemma 6.3. Every Cayley scheme over the group G has a principal
equivalence relation.
Proof. Let X be a Cayley scheme over G. By the above remarks,
we may assume that the scheme X is neither cyclotomic nor trivial.
Therefore by Theorem 4.2, the set S contains two proper subgroups U
and L of the group G such that
(14) X = XU ⊗ XL or X is the U/L-wreath product.
Suppose that S does not contain a principal equivalence relation sat-
isfying condition (E1). Then every minimal subgroup of S is of order
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at most 4. It follows that if |L| ≤ 4, then EL is a principal equivalence
satisfying condition (E2), and we are done. Thus, we may assume that
L is not minimal and |L| > 4.
Then it is easily seen that |L| = 2p. Now if the first equality in for-
mula (14) holds, then EU is a principal equivalence satisfying con-
dition (E2). In the remaining case, L contains a proper subgroup,
say H , of order other than p. Therefore, |H| = 2. Besides, X being
the U/L-wreath product is also the U/H-wreath product. Thus, EH is
a principal equivalence satisfying condition (E2). 
6.2. A principal equivalence relation of large valency. Let X
be a Cayley scheme over the group G, E a principal equivalence re-
lation of X , and let Y = XE be the coherent configuration defined in
Subsection 5.3.
Lemma 6.4. In the above notation, assume that nE ≥ p. Then for
each set ∆ ∈ G/E, either Aut(Y)∆ = Sym(∆) or Y∆ is isomorphic to
a proper cyclotomic scheme over Cp.
Proof. Let us verify that E is minimal in E(Z), where the Cayley
scheme Z := YG is defined by formula (12). First we note that
E ∈ E(X ) ⊆ E(Z),
because Z is larger than X . The minimality of E in E(Z) is obvious if
nE = p. In the other two cases, we have nE = 2p or 4p. This implies
that Z = X and the claim immediately follows from the definition of
principal equivalence.
Set H = HE. We claim that to prove the lemma, it suffices to verify
the validity of the equality
(15) Aut(Z)H = Aut(ZH).
Indeed, by Lemma 5.2 we have Aut(Y)H = Aut(Z)H and YH = ZH .
This implies that assuming (15),
Aut(Y)H = Aut(Z)H = Aut(ZH) = Aut(YH).
By Corollary 4.3 applied to X = Z and G = H , this implies that
the scheme YH is either trivial and then Aut(YH) = Sym(H), or is
proper cyclotomic. This proves our claim, because the scheme Y∆ with
∆ ∈ G/E, is isomorphic to the scheme YH (the isomorphism is induced
by any permutation of the group Gright that takes H to ∆).
Let us prove equality (15). If the scheme X is trivial, then we have
Y = X , H = G, and the equality is obvious. So we may assume that
(16) |H| ∈ {p, 2p}.
Then the scheme Z ≥ X is not trivial. If it is cyclotomic, then |H| =
p and the set S(Z) contains the group P ∼= E4. Moreover, from
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statement (2) of Lemma 5.2 it follows that ZP ∼= ZG/H is the trivial
cyclotomic scheme over G/H ∼= P . According to [9, Lemma 2.3] this
implies that Z ∼= ZH ⊗ ZP . Thus, by Theorem 4.2 the scheme Z is
proper tensor or generalized wreath product. Let us consider these two
cases separately.
Let Z = ZU ⊗ ZL, where U and L are proper subgroups of G that
belong to S(Z). Without loss of generality, we may assume that L is
of order p or 2p. Then in view of (16),
(|H|, |L|) ∈ {(p, p), (2p, p), (p, 2p), (2p, 2p)}.
By the minimality of H the case (2p, p) is impossible. By the same
reason, in the case (2p, 2p) we have H = L, for otherwise H ∩ L is
the proper subgroup of H . Thus, in any case H ≤ L. Therefore
equality (15) immediately follows from Lemma 4.4.
Let now Z be the U/L-wreath product, where U, L ∈ S(Z) are such
that 1 < L ≤ U < G. By Lemma 4.4, to prove equality (15) it suffices
to verify that
(17) H ≤ L.
To this end, suppose first that H 6≤ U . Then E = EH 6⊆ EU and hence
the scheme Z has a basis relation s ⊆ E \ EU . By the definition of
generalized wreath product, we have EL · s = s. It follows that EL is
contained in the minimal equivalence relation F ∈ E(Z) containing s.
Therefore L ≤ HF . On the other hand, HF ≤ H , because s ⊂ E.
Thus, L ≤ HF ≤ H . By the minimality of H , this implies that L = H
which proves inclusion (17).
It remains to show that the statement
(18) H ≤ U and H 6≤ L
does not hold. Indeed, otherwise the minimality of H implies that
H ∩ L = 1 and hence |L| = 2. Consequently, Z ′ = ZG/H is a Cayley
scheme over the group G′ = G/H isomorphic to E4. This scheme is
the U ′/L′-wreath product with U ′ = UH/H and L′ = LH/H , because
Z is the U/L-wreath product. In view of assumption (18),
1 < L′ ≤ U ′ < G′.
Therefore the rank of Z ′ is less than 4. However, by statement (2) of
Lemma 5.2, the rank of Z ′ equals 4, a contradiction. 
6.3. Summary. The following theorem summarizes what we proved
in this section and shows a way how we are going to use the principal
equivalence relation.
Theorem 6.5. Let X = (Ω, S) be a Cayley scheme over E4 × Cp
(p ≥ 5), E a principal equivalence relation of X , and Y = XE. Then
(1) if nE ≤ 4, then Aut(X )
Ω/E = Aut(XΩ/E),
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(2) if nE ≥ p, then one of the following statements holds:
(a) Y is quasitrivial,
(b) for each ∆ ∈ Φ(Y), Y∆ is isomorphic to a proper cyclo-
tomic scheme over Cp.
Proof. If nE ≤ 4, then the required statement immediately follows
from the definition of the principal equivalence relation and Lemma 4.4.
Otherwise, we are done by Lemma 6.4 and the definition of a quasitriv-
ial coherent configuration. 
7. Finding a representative set of semiregular
Cp-subgroups
In this section, we describe an efficient algorithm finding a repre-
sentative set Bp of the automorphism group K of a coherent config-
uration of degree 4p (Subsection 7.1). By definition, Bp consists of
semiregular Cp-subgroups of K such that every group in Reg(K,Cp) is
K-conjugate to one of them. Then we estimate the running time of the
algorithm and explain the implementation details (Subsection 7.2). In
fact, the algorithm correctly finds Bp if the input coherent configura-
tion is isomorphic to a Cayley scheme over G = E4×Cp; we prove this
in Subsection 7.3.
7.1. The main algorithm. In the algorithm below, we make use of
the algorithm from [4] that constructs a cycle base of a coherent con-
figuration X ; the cycle base is defined to be a maximal set of pairwise
non-conjugated full cycles of the group K = Aut(X ). We always as-
sume that p ≥ 5 is a prime.
Main Subroutine (MS).
Input: A homogeneous coherent configuration X on 4p points.
Output: A set Bp ⊆ Reg(K,Cp), where K = Aut(X ), that is empty
or representative.
Step 1. Find a principal equivalence relation E of X ; if there is no
such E, then output Bp := ∅.
Step 2. If nE ≤ 4, then
Step 2.1. find a cycle base C of the coherent configuration XΩ/E ;
Step 2.2. for each c ∈ C, find successively the relation s = s(E, c)
defined in (11) and the coherent configuration Xc = WL(X , s);
Step 2.3. output Bp = {Pc ∈ Reg(K,Cp) : c ∈ C}, where Pc is
a Sylow p-subgroup of the group Kc = Aut(Xc).
Step 3. (Here nE ≥ p.) If the coherent configuration Y = XE has a
fiber ∆ such that |∆| 6= nE or the homogeneous component Y∆ is not
circulant, then output Bp = ∅.
Step 4. If the coherent configuration Y is quasitrivial, then output
Bp = {P} with arbitrary P ∈ Reg(Aut(Y), Cp).
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Step 5. Output Bp = Reg(K
′, Cp), where K
′ ≤ Sym(Ω) is the direct
product of arbitrarily chosen regular cyclic subgroups P∆ ≤ Aut(Y∆),
∆ ∈ Φ(Y).
7.2. Analysis of the running time. In the proof of the theorem
below, we present detailed explanations of the steps of the algorithm
MS and analyze the running time of each of them.
Theorem 7.1. The algorithm MS terminates in time poly(n). In par-
ticular, the size of its output is polynomially bounded.
Proof. Let us verify successively that each step of the algorithm MS
runs in polynomial time.
Step 1. Here the required statement follows from Lemma 6.2.
Step 2. At Step 2.1, we apply the Main Algorithm from [4] that
finds a cycle base of a coherent configuration in polynomial time. In our
case, the input for this algorithm is the coherent configuration XΩ/E of
degree p or 2p. By the well-known upper bound for the size of a cyclic
base (see [13]), we have
(19) |C| ≤ |Ω/E| ≤ 2p.
At Step 2.2, the coherent configuration Xc found by the Weisfeiler-
Leman algorithm is isomorphic to a coherent configuration extending
the wreath product Y = X1≀X2, where X1 is a trivial coherent configura-
tion of degree nE = 2 or 4, and X2 is the trivial cyclotomic scheme over
the group 〈c〉 of order 2p or p, respectively. Therefore, the group Kc
defined at Step 2.3 is isomorphic to a subgroup of the group
(20) Aut(Y) = Aut(X1) ≀ Aut(X2) ∼= Sym(nE) ≀ Cn/nE ,
which is solvable and can be constructed efficiently. This enables to
construct in polynomial time the group Kc by the Babai-Luks algo-
rithm [2] and then its Sylow p-subgroup Pc by the Kantor algorithm
(see [15]). Thus, in view of inequality (19), Step 2 terminates in time
poly(n).
Step 3. This step involves the WL-algorithm to construct the co-
herent configuration Y and the Main Algorithm from [4] to find a cycle
base C∆ of the group Aut(Y∆): the coherent configuration Y∆ is cir-
culant if and only if the set C∆ is not empty. Since both of algorithms
run in time poly(n), we are done.
Step 4. To verify whether the coherent configuration Y is quasitriv-
ial, it suffices to make use of Lemma 3.1. Next, assume that Y is
quasitrivial. Then one can efficiently find the decomposition (5) of the
coherent configuration Y into the direct sum and enumerate the fibers
of Y so that
Φ(Y) = {∆ij : i = 1, . . . , m, j = 1, . . . , mi}.
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In our case, 1 ≤ m ≤ 4 and
∑
imi = n/nE. For each i, one can
efficiently find a permutation gi ∈ Sym(∆i1), which is the product of
nE/p disjoint p-cycles. Then applying the second part of Theorem 3.2
for X = Y , we see that the permutation g defined by formula (6) is
an automorphism of the coherent configuration Y . In particular, the
group P = 〈g〉 is contained in Reg(Aut(Y), Cp).
Step 5. Here, we define P∆ as the group generated by an arbitrary
full cycle belonging to the set C∆ found at Step 3. Then
|K ′| =
∏
∆∈Ω/E
|P∆| = |∆|
|Ω/E| ≤ n4.
Thus, all the elements of order p in K ′ and hence the set Bp can be
found in time poly(n). 
7.3. The correctness of the MS. We keep the notation of Subsec-
tion 7.1 and denote by Kp the class of coherent configurations isomor-
phic to a Cayley scheme over a group G = E4 × Cp. Set
Regp(K) = {Hp : H ∈ Reg(K,G)},
where Hp is the Sylow p-subgroup of the group H .
Theorem 7.2. Let X be a coherent configuration on 4p points, and let
the group K and set Bp be as in the Main Subroutine. Then if X ∈ Kp,
then Bp is not empty and every group in Regp(K) has a K-conjugate
in Bp. In particular, the set Bp is representative.
Corollary 7.3. If Bp = ∅, then X 6∈ Kp.
Proof of Theorem 7.2. Without loss of generality, we may assume
that X is a Cayley scheme over G = E4×Cp. Then by Lemma 6.3, the
set E = E(X) contains a principal equivalence relation E. Therefore,
at Step 1 the algorithm MS does not terminate. Let us verify that
every group
Q ∈ Regp(K)
has a K-conjugate in Bp. To this end, let H ∈ Reg(K,G) be such that
Q = Hp.
Assume first that nE ≤ 4. Then nE = 2 or 4. Therefore, H
Ω/E is
a regular cyclic group of order n/nE = rp with r = 1 or 2. Conse-
quently, there exists a permutation h ∈ H of order rp such that HΩ/E
is generated by hΩ/E . In particular,
Q = Hp = 〈h〉p.
On the other hand, KΩ/E = Aut(XΩ/E) by statement (1) of Theo-
rem 6.5. Now, if C is the cycle base found at Step 2.1, then there exist
a permutation k ∈ K and a full cycle c ∈ C such that
(hk)Ω/E = (hΩ/E)k
Ω/E
= c.
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By the definition of the relation s at Step 2.2, this immediately implies
that sh
′
= s, where h′ = hk. Since also h′ ∈ K, we conclude that h′
belongs to the group Kc constructed at Step 2.3. However, the order
of h′ equals rp (the order of h) and the order of Pc is equal to p (see
formula (20)). Thus, there exists k′ ∈ Kc such that (h
′
p)
k′ ∈ Pc, where
h′p is the rth power of h
′. Now,
(Q)kk
′
= (〈h〉p)
kk′ = 〈(h′)k
′
〉p = 〈(h
′
p)
k′〉 = Pc.
Thus, the set Bp constructed at Step 2.3 contains the K-conjugate Pc
of the group Q, as required.
Assume that nE ≥ p. Then n/nE is less or equal than 4. Since p ≥ 5,
we conclude that Q acts trivially on Ω/E. It follows that
(21) Q ≤ Aut(Y),
where Y is the coherent configuration found at Step 3. Since X is a
Cayley scheme over G, every fiber ∆ ∈ Φ(Y) is a class of the equivalence
relation E, and hence |∆| = nE. The group Aut(Y∆) contains a regular
subgroup G∆. This group is cyclic if nE 6= 4p and hence Y∆ is a
circulant scheme in this case. Finally, nE = 4p, then Y∆ is trivial and
hence circulant. Thus, the algorithm MS does not terminate at Step 3.
Suppose first that the coherent configuration Y is quasitrivial. Then
in the notation of Theorem 3.2, we have
Q∆i1 ≤ Aut(Y)∆i1 = Sym(∆i1), i = 1, . . . , m.
However, Q∆i1 and P∆i1 are semiregular cyclic subgroups of order p in
the group Sym(∆i1), where P is the group defined at Step 4. Therefore,
there exists a permutation gi ∈ Sym(∆i1) such that
(Q∆i1)gi = P∆i1, i = 1, . . . , m.
Then Qg = P , where the permutation g ∈ K is defined by formula (6).
By Theorem 3.2, we have g ∈ Aut(Y). Since the latter group is
contained in K, the set Bp constructed at Step 4 consists of the K-
conjugate P of the group Q, as required.
To complete the proof, we may assume that Y is not quasitrivial.
Then by statement (2) of Theorem 6.5, for each ∆ ∈ Φ(Y) the coherent
configuration Y∆ is isomorphic to a proper cyclotomic scheme over Cp.
In particular, we come to Step 5 with |∆| = p. Moreover,
Reg(Aut(Y∆), Cp) = {P∆},
where P∆ is the group found at Step 5. By iclusion (21), this implies
that
Orb(Q,Ω) = Φ(Y).
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Therefore, Q∆ ∈ Reg(Aut(Y∆), Cp) and hence Q
∆ = P∆ for all ∆. This
implies that
Q ≤
∏
∆∈Ω/E
Q∆ =
∏
∆∈Ω/E
P∆ = K
′,
where K ′ is the group defined at Step 5. Thus, Q is contained in the
set Bp found at this step and we are done. 
8. Proof of Theorem 1.2
Let X be a coherent configuration constructed from the graph X by
the WL-algorithm. Then X is isomorphic to a Cayley graph over G
if and only if X is isomorphic to a Cayley scheme over G. Since also
Aut(X) = Aut(X ) := K, it suffices to check in time poly(n) whether
the set Reg(K,G) is not empty, and (if so) find an element of this set
within the same time.
Without loss of generality, we assume p ≥ 5. Let Bp ⊆ Reg(K,Cp)
be the set constructed by the algorithm MS applied to the coherent
configuration X . By Theorem 7.1 this can be done in time poly(n).
If the set Bp is empty, then X 6∈ Kp by Corollary 7.3 and hence the
set Reg(K,G) is also empty. Thus, we may assume that X ∈ Kp and
hence Bp 6= ∅. For each group P ∈ Bp, we define a set
R(P ) = {H ∈ Reg(CP ∩K,G) : P ≤ H}
of regular subgroups of Sym(Ω), where CP is the centralizer of P in
Sym(Ω). Note that the group CP is permutation isomorphic to the
wreath product Cp ≀ Sym(4). Therefore,
(22) |CP | = |Cp ≀ Sym(4)| = 24p
4 ≤ n4,
and the group CP ∩ K can be found in time poly(n) by testing each
permutation of CP for membership to the group K. Next, every group
H ∈ R(P ) is generated by P and two involutions x, y ∈ CP ∩K. Since
the number of such pairs (x, y) does not exceed |CP |
2, the following
statement is a consequence of inequality (22).
Lemma 8.1. Given a group P ∈ Bp, the set R(P ) can be found in
time poly(n). In particular, |R(P )| ≤ nc for a constant c > 0.
This lemma shows that to complete the proof we need to verify the
implication
Reg(K,G) 6= ∅ ⇒
⋃
P∈Bp
R(P ) 6= ∅.
To this end, it suffices to prove that every group V ∈ Reg(K,G) is K-
conjugate to a group belonging to R(P ) for some P ∈ Bp. However by
the above assumption, X ∈ Kp and Vp ∈ Regp(K), where Vp denotes the
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Sylow p-group of V . Therefore, by Theorem 7.2, there exists P ∈ Bp
and k ∈ K such that (Vp)
k = P . It follows that
V k ≤ (CK(Vp))
k = CK((Vp)
k) = CK(P ) ≤ CP ,
where CK(Vp) denotes the centralizer of Vp in K. Since also V
k ≤ K
and V k ∼= G, we conclude that V k ∈ R(P ), as required.
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